A triplet of function s for the statistical characterization of planar point patterns is introduced. They are related to the integral-geometric quantities area, boundary length and Euler number of patterns of discs centred at the given points. These functions are able to give information on the distribution of a given point pattern which the traditional summary statistics of point process theory do not offer and so can lead to an improved statistical description.
Introduction
Spatial point process statistics uses different summary statistics such as the 'distance characteristics' nearest neighbour distance distribution function, spherical contact distribution function and J-function and various second-order characteristics such as Ripley's K-function, the L-function and the pair correlation function, see Diggle (2003) , Møller and Waagepetersen (2003) and Stoyan, Kendall and Mecke (1995) . Corresponding statistical methods have been developed for the analysis of two-and three-dimensional point patterns, their power and potential has been explored, and there are many successful applications, in particular in biology and ecology. Many statisticians (and physicists) consider second-order characteristics as particularly powerful and prefer the use of the pair correlation function. Nevertheless, it is not recommendable to concentrate completely on second-order characteristics. Sometimes other summary characteristics offer distributional information which second-order characteristics do not offer. And for the test of models constructed by means of second-order methods it is desirable to use methods of a nature different to second-order. Usually distance characteristics are used for this purpose, but it is known that they are weak in the sense that the differences of characteristics for different patterns are often small.
In the physical literature a group of other summary statistics have been used, which may be useful also for point process statistics. They have their origin in the first author's work in statistical physics and materials science, where he has developed tools for the analysis of spatial structures such as porous media, complex fluids and cosmological structures, see Mecke (1994 Mecke ( , 1998 Mecke ( , 2000 , Mecke, Buchert and Wagner (1994) and Jacobs, Herminghaus and Mecke (1998) .
In this paper, these characteristics are presented to the statistical community and explained for the planar case; the generalization to the three-dimensional and general d-dimensional cases is straightforward (Brodatzki and Mecke, 2002) . The point patterns are assumed to be samples of stationary point processes, but also generalization to the instationary case is possible.
The geometrical idea of the morphological functions is simple: Each point of the pattern is enlarged to a disc of radius r (the same r for all points). Thus a pattern of discs is obtained, which will, at least for large r, overlap mutually. The topology or morphology of this pattern is then analysed for all reasonable values of r. Note that there is a similar approach in the statistics of random fields, see Adler (2000) and Worsley (1994 Worsley ( , 1995a : There excursion sets for different levels and the corresponding Euler characteristics are considered.
For morphological description three geometrical characteristics are used: area, boundary length and Euler characteristic. A reader familiar with integral geometry, see Schneider (1993) and Klain and Rota (1997) , understands the relation to inner volumes or Minkowski functionals for sets of the convex ring. (In three dimensions the four quantities volume, surface area, integral of mean curvature and Euler number are used.) The Hadwiger characterization theorem shows that just these quantities play a fundamental role.
When area, boundary length and Euler characteristic are determined for all positive r, three functions AðrÞ; UðrÞ and NðrÞ are obtained. They give valuable information on the topology of the pattern analysed and on the degree of its clustering or regularity and thus on possible interactions between the objects represented by the points.
It is helpful, however, to normalize the functions and to adapt them to the stationary case. We will call the resulting functions aðrÞ; uðrÞ and nðrÞ morphological functions. Note that aðrÞ is closely related to the empty space distribution function FðrÞ, see Diggle (1983 Diggle ( , 2003 , and the identical spherical contact distribution H s ðrÞ, see Stoyan and Stoyan (1994) . So this function is set in a new context.
Spatial statisticians know that H s ðrÞ has only limited value in point process statistics. Often the functions H s ðrÞ for different point patterns do not differ very much, since they are distribution functions, which increase monotonically. Furthermore, sometimes H s ðrÞ is called 'short sighted' because it describes the distribution of the random distance from a test point to the nearest point of the point pattern; points at larger distances do not have influence. It is similar with the nearest neighbour distance distribution function DðrÞ. In the case of a cluster process it does mainly describe the geometry of the clusters but not the spatial arrangement of cluster centres. The J-function defined by
has some advantages over D and H s Baddeley, 1996, Thaennes and Lieshout, 1999) . Also the morphological functions are short-sighted, but they look farer and have more variability than distance characteristics and are more sensitive to differences in the spatial point distribution. In particular, nðrÞ can be non-monotonous and even take negative values. Thus the morphological functions, in particular nðrÞ, are a valuable alternative to distance characteristics. They are even a useful counterpart and supplement to the pair correlation function and other traditional second-order characteristics. Their use in combination with second-order characteristics may be very useful.
The present paper first introduces the three morphological functions in the stationary case. Then their statistical estimation is described and variability properties of the estimator of nðrÞ in the case of a Poisson process are considered. Finally, the application of the morphological functions for the exploratory analysis of several point patterns from forestry is demonstrated, in comparison to the application of the pair correlation function and of distance characteristics.
Definition of the Morphological Functions for Stationary Point Processes
Consider a simple stationary point process of intensity l in R 2 (Stoyan, Kendall and Mecke, 1995) and denote by F the set of its points. Denote by F r the closed random set
where bðo; rÞ is the disc of radius r centred at the origin o of R 2 . That means, F r is the union of all discs of radius r centred at the points of F. Of course, F r is also stationary. Thus it can be character-ized by the (deterministic) intensities of the corresponding associated curvature measures. (They are written here with the subscript "A" meaning "per area unit" as in the stereological literature.) Denote by A A ðrÞ the area fraction of F r , by U A ðrÞ the mean boundary length of F r per area unit and by N A ðrÞ the specific Euler characteristic, see Stoyan, Kendall and Mecke (1995), Sections 6.4 and 7.3.4. Note that N A ðrÞ can be interpreted as the Euler characteristic of F r \ W divided by the area of W if the set W is very large. In the planar case, the Euler characteristic of a set is the number of connected components minus number of holes or the number of outer boundary components minus the number of inner boundary components, see Stoyan, Kendall and Mecke (1995) , p. 17. Thus N A ð0Þ ¼ l. For large r, however, F r can become one connected set with a lot of holes, which implies negative values of N A ðrÞ, and for r ! 1; F r tends towards R 2 and N A ðrÞ ! 0. Clearly, A A ðrÞ is the same as H s ðrÞ, the spherical contact distribution function of F, see Stoyan, Kendall and Mecke (1995) Note that the denominators of the ratios above are characteristics which belong to area, boundary length and Euler characteristic of disc systems without overlappings. For applications it is important to know the behaviour of the morphological functions for important process classes.
Poisson process
In the case of Poisson process there exist formulas for all three morphological functions, based on formulas for A A ; U A and N A for the Boolean model as in Stoyan, Kendall and Mecke (1995), pp. 76 and 77.
Note that in the formula for N A on p. 77 there is a misprint; it is N A ¼ lð1 À pÞ 1 À lU 2 4p :
and n P ðrÞ ¼ ð1 À xÞ e Àx for r ! 0 with x ¼ pr 2 l. Figure 1 shows these three functions for l ¼ 1. It can be seen that n P ðrÞ is negative for r ! 1 ffiffiffi p p ¼ 0:564 :
Lattice process
Also in the case of a lattice process the morphological functions can be easily described. Assume that the points are arranged in a square lattice with spacing d. Then all three functions are constant for
, so reflecting the lattice structure. For
; aðrÞ and uðrÞ are decreasing, while nðrÞ takes the value -1. Thus nðrÞ is particularly close to the lattice structure.
Point process of Baddeley-Silverman
Baddeley and Silverman (1984) gave an example of a point process which has the same K-function as the Poisson process. It is not surprising that for this process the morphological functions differ from their Poisson process counterparts (as also do the distance characteristics). Figure 2 shows nðrÞ for this process, obtained by simulation from a sample of 250,761 points in a square. (This large sample yields nearly exact values; already for 20,000 points we obtained the same figure. ) The deviations of nðrÞ from n p ðrÞ are similar to those expected for a hard-core process. In the case of statistical analysis for this process, nðrÞ would indicate deviations from a Poisson process, in contrast to the K-or Lfunction or the pair correlation function. Now some words on the use of the three morphological functions in point process statistics. In the present paper they are used together as a unit, on the assumption that nðrÞ presents the structural information in the clearest way, while uðrÞ and aðrÞ behave like 'smoothed' versions, as shows practical experience. Of course, the three functions have rather distinct interpretations. As already said, aðrÞ is practically the same as H s ðrÞ and so experience in the interpretation of this function can be used, see Diggle (1983 Diggle ( , 2003 , Stoyan and Penttinen (2000) and Hansen, Baddeley and Gill (1999) . The function uðrÞ behaves like a connecting link between aðrÞ and nðrÞ. In routine point process statistics it may be useful to concentrate on nðrÞ only.
In point process statistics, the Poisson process is often the null model. Therefore, we recommend the comparison of empirical versions of the morphological functions with their Poisson process counterparts a P ðrÞ; u P ðrÞ and n P ðrÞ, for the case of the same intensity. This may help in the interpretation of estimates in order to characterize distributional properties of empirical point patterns. We now discuss two fundamental types of point patterns.
Cluster process
In a typical cluster process the points appear in (more or less isolated) clumps. Thus there are many overlappings of discs already for small r and thus for small r all three morphological functions tend to be smaller than their Poisson process counterparts. The further behaviour depends on the density and spatial distribution of the cluster centres. If they are distributed regularly and there is large empty space between the clusters, then nðrÞ may be constant in some interval of values of r (while aðrÞ and uðrÞ continue to decrease), because enlarging the sizes of clusters of overlapping discs does not immediately lead to overlappings of these clusters.
Regular or hard-core processes
The example with the square lattice shows what can be expected if the point pattern has a tendency of regularity, with large inter-point distances. For small and medium r all morphological functions are close to 1 and larger than their Poisson process counterparts. When, for larger r, the discs come into contact, the functions fast decrease, in particular nðrÞ. The morphological functions are then smaller than their Poisson process counterparts and approach them from below for increasing r.
Note that in the interpretation of the morphological functions the factor 2 plays a role. In the case of a regular point process the jump downwards of nðrÞ happens for r % d 2 , where d is the typical distance between nearest neighbours. Analogously, for a cluster process with regularly distributed cluster centres the interval of r-values where nðrÞ is constant ends with r % D 2 ; where D is the typical distance between neighbour cluster centres.
The distance characteristics show a simpler behaviour. The spherical contact distribution function is closely related to aðrÞ, and just this function will appear in the applications in Section 5 as less interesting than nðrÞ. The nearest neighbour distance distribution function behaves for regular processes similarly as nðrÞ, but for cluster processes with dense clusters it describes only the distance from the typical point to its nearest neighbour in the same cluster. (See also Figure 108 in Stoyan and Stoyan, 1994) .
Statistical Estimation of the Morphological Functions
The morphological functions can be estimated statistically by ratio-unbiased estimators, starting from a sample of points in a window W, which is here assumed to be a rectangle. 
were cðBÞ is the value which is given to B by the curvature measure related to the Euler characteristic, see Stoyan, Kendall and Mecke (1995), p. 237, formula (7.3.5) . Uð@F r \ W É bðo; rÞÞ and cðF r \ W É bðo; rÞÞ can be determined as follows, see Brodatzki and Mecke (2002) .
Let x 1 ; . . . ; x n be the points of F in W É bðo; rÞ. Denote by S i the union of those disc boundary pieces corresponding to x i which are not covered by other discs bðx j ; rÞ and lie inside of W É bðo; rÞ.
Denote by U i the length of S i and by G i the corresponding integral curvature given by
For the determination of the Euler characteristic also vertices at intersecting discs play a role. Set
where sði; jÞ is the number of uncovered intersecting points of the boundaries of bðx i ; rÞ and bðx j ; rÞ and a ij the angle between the normals at bðx i ; rÞ and bðx j ; rÞ at the intersecting points, as shown in Figure 3 .
Then
A numerical method to calculate the area AðF r \ W É bðo; rÞÞ is to apply the Gauss theorem,
where n denotes the normal vector to the boundary S i at the boundary point x.
A program for the determination of the morphological function (written by A. Tscheschel using the ideas of Brodatzki and Mecke) can be downloaded http://www.mathe.tu-freiberg.de/inst/stoch/Stoyan/ morph2D/.
The paper Stoyan et al. (2001) showed that indeed for estimating A A ðrÞ the classical minussampling intensity estimator (4) can be recommended; more complicated estimators are not superior. An alternative to the determination of the area in the numerator in (4) is use of the interpretation of H s ðrÞ as the distribution function of the random distance from a test point outside of F r to F r .
Distributional Properties ofn n(r)
This Section describes briefly some aspects of the distributional properties of the estimatorn nðrÞ as given by (7) Figure 3 Explanation of S i ; sði; jÞ and a ij as used in the determination ofÛ U A ðrÞ andN N A ðrÞ. The figure shows four points, where S j for x j is the union of two disconnected parts, and it is sði; jÞ ¼ 2; sði; kÞ ¼ 0, and sðj; kÞ ¼ 1. windows; here results for l ¼ 50 and W ¼ ½0; 1 Â ½0; 1 are reported, which can be considered as typical.
The bias ofn nðrÞ is obviously very small already for small FðWÞ, see Figure 4 , as the true values given in Figure 1 are between 0.5 and 1.0.
The mean squared error (¼ mse) depends on r, it decreases with increasing r, with a local maximum at r ¼ 0:08 corresponding to the zero of n P ðrÞ, as shown in Figure 5 . (In contrast, the mse of the L-function increases linearly in r for a Poisson process, while estimators of the pair correlation function gðrÞ have large mse for small and large r.) Finally, Figure 6 shows the distributions ofn nðrÞ for three values of r. They seem to be similar to Gauss distributions.
Case Study
In the following, three patterns of tree locations in forests are statistically analysed, assuming that they can be considered as samples of stationary point processes. The first, a pattern of pines, can be considered as a sample of a cluster process; the second, a mixed pattern of beeches and oaks, is similar to a sample of a Poisson process; and the third, a pattern of trees in a plantation of Douglas firs, still shows the lattice structure of original planting and is so an example of a highly regular point pattern.
For all three cases the estimated morphological functions are discussed and compared with their counterparts for Poisson processes of equal intensity. Moreover, the pair correlation functions are also considered. It turns out that the morphological functions confirm and refine the statements obtained by means of pair correlation functions. The pair correlation function is used in the exploratory analysis since it presents in the clearest way the information given by second order characteristics; because of the cumulative character of the K-and L-functions, these functions are more difficult to interpret. This forest is one of the largest remaining stands of these trees and is relatively free of disturbances by humans. Thus it is quite natural that the trees form clusters. Ground fires occur frequently, removing most competing hardwoods, and therefore, other tree species can be ignored. This tree pattern was studied in detail in Cressie (1991) and Stoyan and Stoyan (1996) . The latter authors fitted a Thomas process (see Stoyan and Stoyan, 1994, p. 312) to the data, i.e. a particular Poisson cluster process. In order to obtain a good fit, they had to generalize the original Thomas process so that there are two types of clusters, small and large ones, with mean radii of 1.6 m and 7.5 m. The corresponding parameters were estimated by means of empirical and model pair correlation functions. Figure 8 shows the empirical pair correlation function obtained by the estimation method described in Stoyan and Stoyan (1994) with a bandwidth h ¼ 1 m. It has a form which is typical for cluster processes. The two-cluster-size structure is perhaps visible from the empirical pair correlation function by the steep gradient for r between 0 and 1 and the flat gradient for r between 4 and 11. Figure 8 shows also the pair correlation function of a sample (of point number 590; the aim was to be close to 583) obtained by simulation of the generalized Thomas process in the 200 Â 200 window with parameters as in Stoyan and Stoyan (1996) . Since the number of points of the pattern is rather large, the estimates of gðrÞ and nðrÞ obtained by simulation are close to the theoretical values. It is difficult to interpret the differences of the two pair correlation functions, the smaller values of the empirical gðrÞ. Figure 9 shows the three morphological functions and their Poisson process counterparts. The curves show clearly the typical behaviour of a cluster process. There is a significant difference between the point pattern and a realization of a Poisson process: 999 simulations of binomial processes of 583 points in a 200 Â 200 window yielded 0.5% and 99.5% Monte Carlo envelopes forn nðrÞ that do not completely contain the empiricaln nðrÞ curve; the empiricaln nðrÞ is too small for r around 2 m and too large for r around 6 m. (The values 0.5 and 99.5% are related somehow to a ¼ 0:01. But it is clear that the true type I error probability of the test used here is a bit larger than 0.01. An L-test as in Stoyan and Stoyan, 1994, p. 225 , yielded for a ¼ 0:01 also rejection of the Poisson hypothesis.) Because of the short inter-tree distances in the clusters it isn nðrÞ < n P ðrÞ for small r. In contrast, for values of r between 5 and 9 m it isn nðrÞ > n P ðrÞ, perhaps showing that the cluster radii are around 4 m. It is interesting to considern nðrÞ for very small r. Figure 10n nðrÞ for the data (--) and envelopes of 39 simulated generalized Thomas processes (-----). Obviously,n nðrÞ for the data tends to be larger than for the simulation, pointing to some regularity in the clusters of the natural pattern. Figure 10 shows againn nðrÞ, but now also envelopes resulting from 39 simulations of the modified Thomas process. (From a series of simulations all samples with point number between 573 and 593 were selected.) Since the empirical nðrÞ is not completely between the envelopes, we conclude that the model does not provide a good fit; the doubts occuring in the context of Figure 8 are so confirmed. The fact that the empirical nðrÞ is larger than the nðrÞ for the model can be explained so that in the pine forest the point distribution in the clusters is somewhat more regular than for a generalized Thomas process. (If this would be true, the Euler characteristics of the system of discs corresponding to a cluster would be indeed greater for the forest than for the model, where the overlapping of discs starts already for smaller radii r.) Figure 12 shows the empirical pair correlation function obtained with a bandwidth h ¼ 1 m. It has a shape as for a point process similar to a Poisson process, perhaps with some inhibition between the trees for short distances. We tested the Poisson hypothesis first by Ripley's L-test, see Stoyan and Stoyan, 1994, p. 225 . This test uses the maximum of jL LðrÞ À rj, whereL LðrÞ is the Ripley estimate of the L-function, and compares it with some critical value t a . For a ¼ 0:05 it is given by formula (13.21) in Stoyan and Stoyan (1994) , while for a ¼ 0:01 an analogous formula is used, with factor 1.68 instead of 1.45, following Haase (1995) , based on Szwagrzyk and Czerwczak (1993) . We obtained t 0:05 ¼ 0:475 and t 0:01 ¼ 0:540. The maximum deviation betweenL LðrÞ and r is 0.503, obtained for r ¼ 5 m. So we have rejection of the Poisson hypothesis for a ¼ 0:05 and non-rejection for a ¼ 0:01. Figure 13 shows the distance characteristics DðrÞ and H s ðrÞ in comparison with DðrÞ for a Poisson process of intensity l ¼ 244 80 Á 80. Up to the hard-core distance, the form of all three curves is very similar. The empiricalD DðrÞ is completely in the 99% band obtained from 100 simulations. The same is true for the J-functions as shown in Figure 14 .
Longleaf pine data

Oak Beech data
The morphological functions in Figure 15 seem to tend to a similar direction. Butn nðrÞ shows deviations for r % 1 m and 4 m. Figure 17 shows a pattern of trees in a 459 locations of trees in a 24-year-old planted Douglas firs in an 80 m Â 80 m square in the forest Manderscheid, as described and discussed in Pommerening (2002) . The compartment was originally established as a pure stand (the number of firs is 395) and the planting rows are still distinctly visible, but the area now includes also beech, pine, spruce, birch and larch trees. Figure 18 shows the empirical pair correlation function obtained with a band width h = 0.5 m; here a shorter bandwidth is taken in order to fit the statistical analysis to the lattice structure of the pattern. The pair correlation function reflects the lattice structure very well, the series of peaks at around r ¼ 3; 6; 9 and 12 m is closely related to the spacing between the trees in the rows.
Douglas fir tree data
Its first peak corresponds to the sharp decline ofn nðrÞ in Figure 19 . However, the minimum ofn nðrÞ at around r ¼ 2:2 m is not so low as expected for a lattice process. This can be explained by random deviations from the lattice structure, by some trees randomly scattered, but in particular by enlarged distances between some of the tree rows. Obviously, this property of the tree pattern is better reflected by the morphological functions than by the pair correlation function. On the other hand, Figure 19 shows the short-sightedness of the morphological functions. Whileû uðrÞ andn nðrÞ vanish for r ¼ 6; gðrÞ shows an interesting behaviour still for r > 10 m. Of course, simulations of binomial processes showed clear deviations of the fir tree pattern from a Poisson process. 
Discussion
The morphological functions have another nature than the pair correlation function, the K-or the Lfunction; they are not second-order characteristics, but depend on product densities of all orders. Thus they enable visualization of information on the distribution of point patterns which is not offered by second-order characteristics. Consequently, they may support and refine classical second-order statistics. While the spherical contact distribution H s ðrÞ and aðrÞ smooth away a lot of information, uðrÞ and nðrÞ offer more information and are thus interesting supplements to the pair correlation function or other second-order characteristics, since they are able to confirm or doubt statements in an independent way. As it seems, nðrÞ has more discriminative power than DðrÞ and H s ðrÞ.
A weak point of the morphological functions is their short-sightedness. For example, in the case where the point pattern is the system of centres of a random dense packing of identical discs of diameter d, all morphological functions vanish for r % d 2 . In contrast, the pair correlation function has, in addition to the peak at r ¼ d, further peaks for larger r related to the geometry of the packing, compare Figures 18 and 19 . However, in many applications (in particular biological) the information of interest concerns only small values of r. In the case of Gibbs point processes a pair-potential fðrÞ which vanishes for r ! R leads to a point process with a pair correlation function which does not have a trivial form for r ! R. Though the most interesting part of the interaction happens for r < R.
The morphological functions seem to be able to offer more distributional information than the distance characteristics, what can be expected from their nature in the case of cluster processes and which may also show the beech and oak example. Of course, this does not mean that distance characteristics are useless; in particular the J-function is a valuable tool for particular point process models, see van Lieshout and Baddeley (1996) .
